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It is to be doubted if the healthy minded youth can be found 
who is incapable of being lead by proper teaching to some de- 
gree of success in mathematical study. In proposing this we as- 
sume that healthy-mindedness implies at least a measure of 
native ability to reason. If these assumptions are correct, in 
the light of the undisputed fact that exercise in mathematics 
implies exercise in reasoning, it is difficult to escape the con- 
clusion that school administrations should pause beltore ac- 
commodating their courses to the idea that some students are 
mathematical-minded and some are not. Our irritation increases 
from year to year as we listen to such complaints as, “I have no 
head for mathematics,” “I can eat up languages but I am a 
dumbell when it comes to math.” “My history teacher says he 
could never do a simple example in arithmetic.’ “Why should I 


take college algebra which I despise and for which I shall never 
have any use?” 


Remedies? To diagnose is generally easier than to cure. 
Scores of books have been written on the teaching of mathe- 
matics. The crying need of the time is not more books on teach- 
ing, but, rather, more inspiration and more motivation of young 
minds to a living interest in mathematics. Such motivation 
must in the main come from two classes of workers, namely, 
the high school mathematics teacher and the teacher of fresh- 
man mathematics. This is evident when we reflect that for 
the average youth the high school and freshman years are 
largely deciding years in determining permanent mental atti- 
tudes. Thus is responsibility laid heavily on high school and 
college freshman instruction. A half-prepared secondary teach- 
er struggling ineffectively to put over a geometry lesson to a 
class of twenty motivates and inspires no one. To the fresh- 
man with ability in mathematics—but needing to have that 
ability discovered and nurtured—there appears no rainbow of 
mathematical promise in a scheme which places his mathe- 
matical guidance in the hands of a raw graduate student for 
exactly one-fourth of his college life, while the real masters and 
matured teachers—those capable of revealing to a hesitant 


young mind the glory and the charm of mathematics afford 
him no contacts. —From Mathematics News Letter, Vol. 3, 
No. 1. 


5 
| 
5th 
| Al 
Ac 
| lis] 
| inc 
the 
rez 
th 
| joi 
th 
an 
sc’ 
| R 
m 
de 
th 
D 


Gauss, His Disquisitiones Arithmeticae, 
and His Contemporaries in the 
Institut de France 


By G. Wa.po DuNNINGcTON 
University of Illinois 


The following statement in Ball’s “Short History of Mathematics’, 
5th edition, 1912, p. 448, has caused considerable research within the 
past year or two: “His Disquisitiones arithmeticae appeared in 1801. 
A large part of this had been submitted as a memoir to the French 
Academy in the preceding year, and had been rejected in a most 
regrettable manner; Gauss was deeply hurt, and his reluctance to pub- 
lish his investigations may be partly attributable to this unfortunate 
incident.” In 1933 Professor Watson repeated the same story before 
the Mathematical Association in London. Most mathematicians have 
read the above statement; it occurred first to Professor Arnold Emch 
that this might be an error on Ball’s part, and at his suggestion I 
joined him in the search for any possible evidence on which to base 
the assertion. Since then interest in the question has emanated from 
several quarters. It seems fitting here to review all pertinent evidence 
and also to sketch briefly Gauss’ relations with contemporary French 
scientists and members of the Institut de France. 

A possible source of Ball’s statment is the Proceedings of the 
Royal Society of London, vol. vii, no. 17, reporting the anniversary 
meeting of November 30, 1855, which includes obituary notices of 
deceased Fellows. (Gauss, p. 589-598). As will be shown below, 
this article also is most probably in error. In it we read about the 
Disquisitiones arithmeticae: 

“Even Legendre, who had written so much and so successfully on 
the same subject, and who, in the second edition of his “Théorie des 
Nombres,’ makes the great discovery which this work contains the 
Occasion not merely of special investigation but of the most emphatic 
praise, complains of the great difficulty of adapting its forms of expo- 
sition to his own; whilst the writers of the ‘Biographie des Contem- 
porains,’ in a notice of the author at a much later period, when 
he had established many other and almost equally unquestionable 
claims to immortality, quote an extract from a Report of a Com- 
mission of the Institute of France, to whom it was referred in 1810, 
in which it is said, ‘that it was impossible for them to give an idea of 
this work, inasmuch as everything in it is new, and surpasses our 
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comprehension even in its language.’ The biographers then proceed 
to stigmatize the book as full of puerilities, and to refer to the success 
which it had obtained, including its translation into two languages, as 
affording grounds for the presumption that ‘charlatanism sometimes 
extended even to the domain of the mathematics’.”’ 

The following sentence occurs in the “‘Biographe nouvelle des 
Contemporains” (Paris, 1822): “Cet ouvrage a obtenu un succéS 
d’aprés lequel on serait tenté de croire que le charlatanisme envahit quel 
quefois jusqu’au domiare des mathématiques.”’ Within twelve years 
the editors had changed their minds, for we now find in the “‘Biographie 
universelle et portative des Contemporains,”’ (Paris, 1834): 


“Tl suffit de dire qu’en général ses travaux sont estimés des mathéma- 
ticiens les plus distingués et qu’ils se recommandent autant par leur 
exactitude que par la clarté, la précision, et l’élégance du style.” 

What was this alleged ‘“‘Report of a Commission of the Institute 
of France’ (1810)? The Disquisitiones arithmeticae appeared on 
Septemter 29, 1801, and there is no reason to believe that Gauss 
would wait nine years before presenting it to the Academy of Sciences, 
a part of the Jnstitut de France. If the ‘““Report’’ had been published, 
it could surely be found now. If unpublished, it was scarcely 
available to Ball or even to the obituary writer for the Royal Society 
of London. In reading the latter’s sketch, Ball may have misread 
1810 for 1801. However, he (Ball) gives 1800 as the actual year in 
which it was submitted. Monsieur Charles Emile Picard, now perpet- 
ual secretary of the French Academy, wrote to Professor Arnold 
Emch under date of January 23, 1935, that there is no evidence, printed 
or otherwise, to show that Gauss ever submitted the Disquisitiones 
arithmeticae to the Academy. Further search is not precluded by this 
statement, but any effort in this direction is most probably doomed 
to failure at the outset. We need also to remember that it is the 
French biographers (1822) and not the French Adacemy who scorn- 
fully criticize the book; there is little likelihood that they put 1810 
for 1801. Whatever the above alleged “Report” was, it must have 
been available to the writers of the ‘“‘Biographie des Contemporains.” 
The Lordon Royal Society obituary writer merely quotes the above 
apparent error. Is it not likely that Ball and Watson followed this 
error? 

In a letter to Bolyai dated December 16, 1799, Gauss states that 
he had had no opportunity to send a printed copy of his doctoral 
thesis to France. He calls attention to the fact that it contains criti 
cism of the works of other mathematicians—d’Alembert, Bougain- 
ville, Euler, de Foncenex, Lagrange, and the authors of the Com- 
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pendium— on the same subject; he adds that they will probably not 
be satisfied with his work. We find in this letter that printing of the 
Disquisitiones arithmeticae had been interrupted for six months 
and resumed just several weeks before the writing of this letter. Gauss 
had begun the actual writing of it in 1795, the printing dragged along 
for four years. Finally the Duke of Brunswick, Gauss’ patron, came 
to the rescue with financial assistance; the work is dedicated to him. 
The eighth section was omitted in order to keep down the cost of 
printing. In another letter to Bolyai, Gauss mentioned a possible 
second volume of the Disq. ar. 

Financially the Disq. ar. was not a success, because a large number 
of the copies were lost, due to the bankruptcy of a book dealer in 
Paris, who had charge of them. The volume was handled by the firm 
Gerhard Fleischer, Jr. in Leipzig, but not printed by it.! While the 
earlier sections of the Disq. ar. were almost universally neglected in the 
years immediately following publication, the seventh section brought 
quick fame to the author. It was a signal contribution to the geo- 
metric division of the circle, the distribution of primes, and the theory 
of equations. Michel Chasles (1793-1880) pays no attention to this 
discovery. In this case the language could not be the barrier: ‘Par 
suite de notre ignorance de la langue dans laquelle ils sont écrits,”’ 
Apercu historique sur l’Origine et le Développement des Méthodes de la 
Géométrie, Paris, 1837; p. 215.2 Most of Chasles work was rather 
exclusively French; he is lax about referring to non-French authors. 
However, Poncelet attacked the “Apercu historique’’ too harshly. 
Delambre, then perpetual secretary of the Academy of Sciences, gives 
an account in his ‘““Rapport Historique sur les progrés des Sciences,” 
Paris, 1810. 

When Alexander von Humboldt returned in 1804 from his Ameri- 
can trip, he found that among the learned people of Paris the name of 
Gauss was mentioned with the highest respect. This was a surprise, 
because Humboldt himself knew nothing of Gauss, before this foreign 
tour. Much of this admiration for Gauss arose from his achieve- 
ments in astronomy. The great Humboldt learned further that for 
over a year Gauss had been corresponding member of the Institut de 
France. In 1807 Humboldt thus opens his first letter to Gauss: “‘Herr 
Laplace tragt mir auf, Ihnen, verehrter Mann, die anliengede Schrift 
als ein Zeichen seiner Bewunderung und innigsten Hochachtung zu 
iberreichen. Ich bin oft Zeuge der Empfindungen gewesen, mit 
denen dieser tiefsinnige Mann von Ihnen spricht. Sie sind der Stolz 

’ French and German translations have been published. 
* Sohnke’s German translation appeared at Halle, 1839. 
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unseres deutschen Vaterlandes, so wenig ich auch im Stande bin, 
Ihre Grosse ganz zu fiihlen, Sie in Ihrem ganzen Umfange zu fassen.” 
When Olbers, an intimate friend, went to Paris as a deputy of Bremen 
in the Napoleonic period, he wrote thus to Gauss on March 28, 1813: 
“Besonders sprechen Laplace, Lagrange, Biot, Humboldt, Arago, 
etc. etc. mit gerechter Bewunderung von meinem unvergleichlichen 
Freunde. Alle fordern mich wiederholt auf, Sie zu einer Reise nach Paris 
zu bewegen, wo Sie eine Aufnahme finden wiirden, wie noch kein 
Gelehrter sie gefunden hat.’’ Lalande spoke of Gauss’ talent and zeal 
in his “Bibliographie Astronomique avec |’Histoire de 1’Astronomie 
depuis 1781 jusqu’a 1802.”’ (Paris, 1803), p. 813. 

On May 31, 1804, Lagrange wrote to Gauss: ‘Vos Disquisitiones 
(arithmeticae) vous ont mis toute de suite au rang des premiers géomé- 
tres, et je regarde la derniére section comme contenant la plus belle 
découverte analytique qui ait été depuis longtemps.’’ Laplace is said 
to have exclaimed after Gauss’ work on orbital calculations: ‘The duke 
of Brunswick has discovered in his land more than a planet: a super- 
terrestrial mind in a human body.”’ Later we are told that he recom- 
mended to Napoleon (who loved mathematics) mild treatment of 
Géttingen because the first mathematician of his time lives there.” 
Better known is the story that Laplace, upon being asked who was 
the greatest mathematician in Germany, replied: ‘‘Pfaff.’’ His 
questioner thought he should have said Gauss. Laplace retorted: 
“Oh, Gauss is the greatest mathematician in Europe.’”” On December 
28, 1809, Humboldt wrote to Gauss from the Imperial Observatory 
in Paris thus: “Es ist ein Genuss, den mein hiesiger Aufenthalt mir 
taglich gewahrt, Ihren Namen so aussprechen zu héren, als es einem 
deutschen Gemiite unter dem Drucke dusserer Begebenheiten wohl- 
tut.”” At this time Gauss received the Lalande astronomical of the 
Institut de France for his work on the perturbations of Pallas. 


In the foreword to the second edition of his Théorie des Nombres 
(1808), Legendre speaks of Gauss’ Disq. ar. with the highest admira- 
tion and praises the high value and rich content of the work, ‘as also 
the complete originality of the Gaussian methods. As we shall see 
later he attacked Gauss’ character. One of the first who studied the 
Disq. ar. thoroughly was Sophie Germain in Paris. She corresponded 
for some time with Gauss under the pseudonym of Le Blanc; by accident, 
he found out her real name, having had no idea that this was a woman. 
In 1837, at the University of Géttingen centennial celebration, Gauss 
regretted that Sophie Germain was no longer living, so that an honor- 
ary degree could be granted her. In the same year during the Gottin- 
gen political disturbances, false reports were current that Gauss was 
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planning to leave there and reside in Paris, or that he had already 
done so. 

On March 28, 1809, appeared Gauss’ second major work ‘““Theoria 
motus corporum coelestium in sectionibus conicis solem ambientium.”’ 
It was (at least in part) originally written in German; Friedrich Perthes 
in Hamburg, the publisher, requested Gauss to issue it in French, due 
to the poltical conditions of the time. He compromised and issued 
it in Latin! after two years delay by Perthes; the work was printed 
by Breitkopf and Hartel. It aroused more attention than his previous 
work had done. Medals and honors began to flow in from all sides. 
Most probably he formally presented a copy to the French Academy 
(in connection with the Lalande Prize) but there seems to be no record 
of it. 

Gauss’ opinion of Laplace may be found in the following lines to 
Bessel (1826): “Bei Gegenstanden mit denen ich mich noch nicht 
lange beschaftigt habe, bin ich gegen meine eigenen Ansichten, zumal 
wenn sie einem Laplace widersprechen, misstrauisch und nehme gern 
die von anderen entgegen.’”’ He apparently was in possession of the 
method of least squares as early as 1795, but published nothing on this 
until the Theorita motus (1809). Legendre wrote on this subject in his 
book on the orbits of comets (1806). Thus came about the famous strug- 
gle over priority. Incidentally, the American mathematician Robert 
Adrain (1775-1843) is said to have independently discovered the method 
of least squares? in 1808. 

Legendre must have seen the Theoria motus immediately after its 
appearance, for on May 31, 1809, he writes to Gauss complaining 
that on page 221 the method of least squares is referred to as: “‘prin- 
cipium nostrum quo jam inde ab anno 1795 usi sumus etc.” He 
feels that Gauss is too rich in other discoveries to begrudge him this 
one, and suggests that the mode of expression rather than the author’s 
intention may be at fault. Gauss must have answered the above, for 
on November 15, 1811, Laplace sends a letter to him questioning the 
priority. Gauss replies to Laplace on January 30, 1812; he had pub- 
lished nothing on the method of least squares prior to 1809, but ap- 
parently had communicated the method to Lindenau, Olbers, and 
Bolyai. On November 5, 1812, Gauss writes to Laplace, sending 
a brief outline of a memoir on the ‘“‘Theory of the Attraction of Homo- 
geneous Elliptic Spheroids,” and requests that he present it to the 
Institute. Laplace replies on November 20, 1812, that he was over- 
whelmed with delight by the simplicity of proof in this paper, which 

* English (1857) and German (1865) translations have ap 


ared. 
Research concerning the probabilities of the errors ry eer in making 
observations,” The Analyst of Mathem. Museum I, 1808, p. 93. 
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produced the same effect on other members of the Institute. He 
points out a certain analogy in proof of the same theorem by the 
English mathematician, James Ivory (1809). Gauss mentions this 
letter of Laplace in his printed memoir on the same subject. A num- 
ber of these elegant theorems later found a place in elementary text- 
books on the theory of the potential function. There are eight letters 
from Gauss to Laplace, the originals of which are privately owned in 
Paris. The manuscript of Gauss’ letter of November 5,1812, to La- 
place was turned over to Michel Chasles, who in turn gave it to Joseph 
Louis Frangois Bertrand (1822-1900), for many years perpetual 
secretary of the French Academy. In some way, Sophie Kowalewsky 
got the manuscript and later gave it to G. Mittag-Leffler. It is now 
preserved in his library at Djursholm. M. Chasles published a 
memoir! on this question of ellipsoidal attraction. 

J. L. F. Bertrand always regarded Gauss as a simple and modest 
character. Valson published an “Examen de la méthode de M. Gauss 
pour la détermination des orbites planétaires,? in which he alleged that 
Gauss had made a mistake in art. 160 of the ‘““Theoria motus.”” Bert- 
rand wrote to Gauss, and received a reply in which the latter most 
vigorously denied any error and sharply protested against Valson’s 
statement imputing such. It is dated January 22, 1855, being one of 
the last letters Gauss wrote. (We are told that his last letter was 
directed to Sir David Brewster who had written to him on December 
4, 1854, requesting information about his electro-magnetic telegraph 
of 1833.) Bertrand published* part of the above letter. 


At the time of the Gauss centenary, Ernst Schering, professor at 
G6éttingen and then editor of Gauss’ Collected Works, received an 
interesting letter from Bertrand. It is dated May 2, 1877, and states 
that he (Bertrand) had received three letters from Gauss, two of which 
were destroyed in the fire during the commune of 1871. At the same 
time a letter from Gauss to Arago met the same fate. The one letter 
not destroyed was in the hands of M. Chasles; he was then 84 years 
old and his memory had failed him, so that Bertrand could not find 
the original, in order to make a copy for Schering. 

Colonel J. Bertrand, son of J. L. F. Bertrand, expressed the belief 
in a letter to Prof. N. E. Nérlund, dated July 12, 1927, that Gauss’ 
letter of January 22, 1855, to his father was among the papers de- 
stroyed in 1871. 

Pp 


? Comptes rendus de |’ Academie des Sciences, tame 40, p. 1025. 
*ibid., p. 1802, Paris, 1855. 
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The Irrational Number 


Georce L. Epcetr 
Queen's versity, Kingston, Canada 


If two magnitudes of the same kind are multiples of the same 
magnitude v.e may consider them measured by that magnitude and 
their ratio is said to te rational. There are, however, magnitudes of 
the same kind which have no common measure and whose ratio is, 
therefore, not rational; such ratios are said to be irrational. A good 
example of two magnitudes of the same kind which have no common 
measure is the diagonal of a square and its side. Let us assume that 
these lengths have a common measure and that consequently their 
ratio is rational and then by the “Reductio ad Absurdum” method 
show that our assumption is false. 


Let AC be the diagonal and AB the side of a square. Let x:y be 
their ratio expressed in the smallest numbers. 


We have AC?:AB? = x?:y2 
but AC? =2AB? 
=2y?; 


hence x? is even and thus x is even and since x:y is in the lowest terms 
it follows that y must be odd. 


Put x =2z 
y? =2z?; hence y? and thus y must be even, but y was also 
odd, which is impossible. We conclude that the ratio of the lengths 
of the diagonal of a square and its side is not rational. 

The question of rationality and irrationality leads us back to the 
days of Greek mathematics. There was, moreover, very little of im- 
portance contributed to the subject from their period until 19th 
century mathematics. In this discussion I shall confine myself almost 
exclusively to the Greek period. 

From about 580 B. C. to 300 B. C. there existed in Greece and in 
those countries influenced by Greek culture a secret order known, after 
its founder, as the Pythagorean order. This secret order existed pri- 
marily for the study of mathematics and philosophy. Pythagoras and 
his followers made number the basis of their philosophical system and 
sought the origin of all things in number. Pythagoras taught, “God in 
number; number is God.” Philolous (425 B. C.), one of his followers, 
States, ‘‘All things which can be known have a number”. Indeed the order 
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went so far as to say that all things are numbers; thus God is repre- 
sented by unity, love by eight, health by seven, etc. They also con- 
sidered abstract things as being attributes of number; for example, 
justice, mind, soul were such attributes. Pythagoras was probably 
the first to notice the simple relation that exists between certain 
numbers and muscial sounds and he expressed this relation by a 
harmonic proportion. He then confidently asserted, ‘““The whole 
heaven isa number and a harmony’”’, and thus arose the doctrine of 
the harmony of the spheres. The Pytharogeans were also very interested 
in goemetry and so we find them treating number from the geometric 
point of view. 


The Pythagoreans as a result of their great interest in number and 
geometry must early have noticed that though the unit is a common 
measure of all numbers yet they were not able to find a common 
measure of all magnitudes. When, then, was the discovery of 
irrationality, how was it discovered and what followed the discovery? 
There is considerable doubt regarding when the discovery was first 
made and by whom. The question is difficult to answer as all Pytha- 
goreans referred their discoveries back to Pythagoras. Proclus says that 
Pythagoras discovered the theory of irrational magnitudes. It is difficult 
to believe that Pythagoras was the originator of such a theory because 
in this case it is hard to account for the theory that number is, ““The 
essence of all existing things’’, holding ground for any length of time. 
In all probability some later follower of Pythagoras was the discoverer. 
Heath thinks that ./2 was discovered at least by 400 B. C. It is in- 
teresting to consider how the discovery may have been made. Heath 
thinks that Pythagoras or one of his followers while trying to find 
numbers to represent the sides of a right-angled triangle tried to do so 
for the isosceles right triangles, the failure to do this resulting in the 
decision of the impossibility of the side and hypoteneuse having a 
common measure. In all probability this impossibility was proven 
by the “‘Reductio ad Absurdum” method already referred to. Allman, 
however, disagrees with Heath and thinks that the discovery was 
due to the problem, ‘‘to cut a line in extreme and mean ratio”. Heath’s 
opinion is, however, the one most commonly accepted. 


“It must have been an extraordinary thought,”’ says Cajori, ‘that 
led to the assumption that straight lines could exist differing from 
one another not only in length, that is in quantity, but also in some 
mysterious quality”. That the discovery was considered remarkable 
there is no doubt. The Pythagoreans regarded the discovery as one 
of the greatest of antiquity and made it a point to guard the discovery 
carefully; even going so far, we are told, as to drown one of their 
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members who finally divulged the secret, “For the unspeakable and 


invisible should always be kept secret.”” We can readily see their 
reason for keeping secret the discovery when we consider that the 
discovery destroyed their theory that number is the measure of all 
existing things and also destroyed their theory of proportion. They 
had developed their theory of geometry on the basis of the numerical 
theory of proportion and their theory was only applicable to rational 
magnitudes; hence we see that their whole theory was given a blow, a 
blow from which they did not recover until 370 B. C. when Endonus 
advanced a theory of proportion which allowed the building up of a 
geometry applicable both to rational and irrational magnitudes. This 
theory we find in Euclid, Book V. 


After the discovery of the irrationality of V2 we find nothing was 
done with irrationals until 425 B. C. when Theodorus showed geometri- 


cally that ./3, /5, etc. up to ./13 were irrational. We do not know 
how he proved these irrational. A number of conjectures have been 
made by Hultsch, Zeuthen and Heath. Hultsch suggests that Theodo- 
rus took the line of seeking successive approximations. Heath thinks 
the “Reductio ad Absurdum” proof might have been used for each 
one. Theaetetus (415-369 B. C.) succeeded in generalizing the theory 
of irrationals and laid the foundation of the theory of irrationals as 
as we find it in Fuclid, Book X. In his Book X Euclid (300 B. C.) 
treats irrational magnitudes geometrically and thus the irrational 
becomes a part of the mathematical system on a geometric basis 
This plan was followed for many centuries and the theory of irrationals 
remained where Euclid left if until the 15th century. 

One wonders whether the Greek mathematician saw in the irra- 
tional a number or no number. In any case the number meaning 
did not bother him. He gave the irrational, for instance, the hypot- 
eneuse of a right isosceles triangle, a symbol and proceeded to work 
with it. He was not even interested in approximations to their value 
although we know that some of the later Pythagoreans were familiar 
with 7/5 as an approximation to ./2. Archimedes (225 B. C.) took 
135/780 « ./3 «265/153 and also proved that the ratio of the circum- 
ference of a circle to its diameter is +3!/; but ¢3'/;,. The Greeks 
always considered numbers as discontinuous while magnitudes were 
considered continuous. 

From Euclid we leap to the 15th century A. D. In the inter- 
vening time the irrational had been neglected. In the 15th century 
we find that Lucas Pacioli de Bungo studied the irrational but added 
little of importance to its theory. In 1544 Michael Stifel also made a 
study of the irrational but he added little of value to its theory. In 
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1680 we find number, for the first time, defined as the ratio of two like 
quantities. Newton so defined number. 

In the latter 19th century we find the whole number system 
receiving a scientific study and a rigorous theory of the irrational 
was now presented. We find Weierstrass, Cantor and Heine defining 
an irrational number as the limit of diverse fractions which furnish 
a more and more approximate value of it while Dedekind defines it as 
the mark of a “‘cut’”’ (Schnit) of the rational number into two classes 
such that the lower class has no maximum value and the upper class 
no minimun value. 
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Operational Equations 


By H. BaTeMan 
California institute of Technology 


1. The subject of operational equations is not new for operational 
equations have been discussed in fhe past without being described 
assuch. There seems, however, to be no good systematic development 
of the subject including a classification of the equations into different 
types. The book of S. Pincherle and U. Amaldi on distributive oper- 
ations* supplies some of thé main ideas from which a theory can be 
developed but this book was written many years ago and it will be 
readily understood that operations defined by equations need not 
possess the distributive property. 

2. The simplest type of operational equation involves a single un- 
known operator acting on a single definite entity which may, in par- 
ticular, be a function of a variable x. This typé of equation includes 
the operational equation. 


(1) F(D) u(x) =v(x) 


in which D denotes the operator d/dx and u(x),v(x) are specified 
functions. To facilitate the discussion of the equation we shall restrict 
F(t) to be a polynomial of degree n int. The equation does not then 
possess a solution unless the function v(x) belongs to a certain class. 
When v(x) does belong to this class the solution is unique unless u(x) 
happens to belong to a certain class. Suppose, for example that 
u(x) =sech(x) then v(x) must be of the form sech(x)P(tanh x), where 
P(t) is a polynomial of degree_n in t, if there is to be a solution, and 
when v(x) hasthis form the solution is unique.t If, however, u(x) is 
a linear combination of n—1 functions of type exp(a,x), v(x) must also 
be a function of this type, if the equation is to have a solution, but the 
is not unique because there is a particular operator G(D) such that solu- 
tion G(D)u(x) =0 and so if F(D) is one solution of the operational equa- 
tion there is a second solution-F(D)+kG(D), where k is an arbitrary 
constant. The problem of finding a differential equation of assigned 
degree with a given primitive or a given type of solution may be 
tegarded as equivalent to the solution of an operational equation. It 
is shown, for instance, in books on differential equations that if the 
sone * Le operazioni distributive e le loro applicazioni all’ analisi, Bologna, Zanichelli, 


+ The case in which PY is the Le polynomial is discussed by the author 
in the Téhoku Mathematical Journal, Vol. 37, p. 23 (1933). See also a forthcoming 
paper in the Annals of Mathematics. 
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arbitrary constant C enters into the solution of a differential equation 
of the first ordér in such a way that 


yla(x) +Cb(x)] = u(x) +Cv(x) 
where a(x), b(x), u(x), v(x) are functions of x, the differential equation 
is of the Riccatian type 
Oy =dy/dx — A(x)y? —B(x)y —E(x) =0, 


where A(x), B(x), E(x) are functions of x. The equation may be 
regarded as an operational equation for the determination of the 
operator O which, it will be seen, is not a linear differential operator. 

The general equation of the first type is Ou=v, where u and y 
are given entities and O is an operator to be determined. In this 
form the equation is too general and some restriction must be laid 
on O to make the problem of determining O a definite one. Simul- 
taneous equations for the determination of a sequence of operators 
O,, Os, ... Om, ... are of considerable interest. As an example we 
may mention the set of equations 


OmX,U(x) = 6(m,n,x) 


in which u(x) is a given function, the operations X, form a given 
sequence of operations and 6(m,n,x) is any selective function,* that is, 
a function such that 


lim 4(m,n,x) = 6(m,n) 

where 4(m,n) is zero when mn and is unity when m=n. It has been 
remarked elsewhere that the problem of the determination of the 
sequence O,, is connected with the problem of determining the co- 
efficients a, in the expansion 


f(x)= = 


Since the operators X,, are at present arbitrary this is really the 
problem of expanding an arbitrary function f(x) in a series of given 
functions u,(x), a problem which has been discussed in a general 
manner by Wronski.t Wronski’s problem is, indeed, reduced to ours 
if we can determine the sequence of operators X,, by solving the oper- 
ational equations X,,u(x) =u,(x). 

* Some remarks on selective functions and operations are made in a paper by 
the author to appear shortly in the American Mathematical Monthly. 

+ References to the literature are given in a paper by Prof. W. H. Echols on 


bd expansion. Bulletin of the American Mathematical Society, Vol. 2, p. 178 
(1893). 
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A formal solution of our equations is readilyyobtained in the 
particular case in which the operators X can be expressed as linear 
combinations of a set of orthogonal operators V such that 


V..V,u(x) =8(m,n,x), a selective function, 


for if we have 
Xe 
and we write 
Ow = 
where 
= 
‘we shall have the relation 


lim O,.X,U(x) = 4(m,n) 
1—+o 


i. O,,X,U(x) = 4(m,n,x) 


where 4(m,n,x) is a selective function which, of course, need 
not be the same as the selective function previously denoted by the 
symbol 4(m,n,x). The use of this method is somewhat restricted on 
account of difficulties of convergence. 

It may be mentioned that a solution of equations (2) has been 
found in the case when X, represents the operation of integrating 
from O to x repeated n times. 

3. In a second class of operational equations we are concerned 
with operations which act on a group of entities forming a continuum 
instead of a single one or a denumerable set. There are many sub- 
divisions of this class. In the first subdivision an operator acts on a 
single entity of the group, in the second subdivision it acts on a pair 
of entities of the group, in the third subdivision it acts on three entities 
of the group and so on. Simultaneous equations involving more than 
one unknown operator are of special interest especially when the effect 
of any of these operators on an entity of the group is to produce an 
entity also belonging to the group. It must be clearly understood 
that an entity on which an operator acts need not necessarily be a 
number, it may, for instance, be a mathematical point whose position 
may be specified by a number of parameters. To illustrate this let us 
consider the operational equations. 


XXu=u, YYu=u, XYXYu=u, 


where u is one of a group of entities on which the operators X and Y 
act and the entities Xu, Yu are supposed to be also members of this 
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group. These equations occur in the theory of conjugate points and 
an entity u ‘may be regarded as a point on a conic, a quadric surface 
or quadric spread in a space of n dimensions. In the known solution 
of the equations the line. joining the points u,Xu passes through a 
fixed point which we may denote by the symbol, x, while the line join- 
ing the points u, Yu passes through a fixed point which we may denote 
by the symbol y. The equations imply that x and y are conjugate 
points with respect to the conic, quadric or quadric spread. 

It is clear from this example that a set of operational equations 
may possess different classes of solutions, one in which an entity of 
the group may be specified by the value of a single parameter, a second 
in which the entity is specified by two parameters, a third in which it 
is specified by three parameters and so on.. pr? il) rs 

That this is not always the case may be seen from a consideration 
of the following equations which occur in the mathematical theory of 
addition. An operator O now acts on a pair of entities of the group 
so as to produce an entity of the group. The problem is to find O so 
that it satisfies the commutative and associative laws of algebra 


O(u,v) =O(v,u), O(w,O(u,v)) =0(u,O(v,w)) =O(v,O(w,u)) 


*If we interpret the entities as points on a conic the equations are 
satisfied if the line joining the point O(u,v) to a fixed point o on the 
conic meets the line joining u and v in a point on a fixed line L. The 
equation O(z,O(x,y) =O(x,O(y,z)) is then. merely a-.statement of 
Pascal’s theorem for if w is O(x,y) and u is O(y,z) the points x,y,z,w,o,u 
form a hexagon inscribed in a conic and the intersections of the pairs 
of lines xy,(wo), (yz,ou), (zw,ux) are collinear... This means that xu 
and zw meet on the line L and so O(u,x) =O(w,z). 

If, however, we try to interpret an entity as a point on a quadric 
and look for an analogous interpretation of the operator O in which a 
plane P takes the place of the line L we find that the equation 
O(z,O(x,y)) =O(x,O(y,z)) is not generally satisfied. 

Turning now to equations defining a sequence of operations O, 
we suppose that O,u=u and that the product of any two entities on 
which the operators O,, can act is also an entity on which they can act. 
The operational equation 

O,uv =nuO, _;v+nv0O, _,u 


* Geometrical representation of addition and multiplication were used by Von 
Staudt in his book Geometrie der Lage. See also H. F. Baker, Principles of Geometry, 
Vol. 1, p. 93, Cambridge, 1922. Mr. G. B. Mathews gave in his lectures on geometry 
(Cambridge 1904) a form of the above construction in which the line L touches the 
conic at the point « and the point w represents the sum x-}+-y. His construction 
the product (p=xy) involves the use of a unit point I on the conic. The lines 
IP, xy then intersect on the line © 
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nd is readily seen to possess the solution 
ont} 
on 

a but the operational equation. | 
n- 
te O,uv = O, u.O,_.v 
te 

possesses two independent distribut i ive solutions 
7 
ns 

of | 0, u=1/n! 
((™)a binomial 

| 
- ieee D denotes the operator d/dx ond u and v are regarded as func- 
of tions of x which can be differentiated an unlimited number of times. 
ip The general solution is unknown. . 
The operational equation. 
O,uv =u02,V 
is satisfied by 
re O, =D, +2C2,(1 
he where D, denotes the operator d/dx,D,, the operator d/du and u is re- 
he garded as a function of x when D, acts. The constants C,, are supposed 

to be such that C, = 2C aq. 

rs 
There comes a stage in the study of mathematics at which it seems 

ic better to plunge into the general theories which give perspective and 
a horizon than to continue to great detail and refinement in a small 
on province. To study one’s home town in great detail can never afford 

the geographic knowledge. to be had by one straight trip across the 
>, continent. This idea is important in teaching. Here is an apparent 
yn conflict between what is ordinarily called research and what may be 
ml styled competent breadth of scholarship, A happy medium may be 


best for teachers of undergraduates.—W. P. WEBBER. 
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Edited by 
Josepn Sewuin W. Paut Wesser 


©) The Teacher's Department 


PURPOSE IN TEACHING MATHEMATICS 


Before me is a copy of Arithmetic Designed for Academies and 
Schools Uniting the reasoning of the French with the Practical Methods 
of the English System, by Charles Davies, LL.D., published in 1849. 
The preface starts off with the statement “Science has been well de- 
fined to be knowledge reduced to order; that is, knowledge so classified 
as to be easily remembered, readily referred to and advantageously 
applied.” 

We wonder to what extent the science of education of today com- 
plies with this definition when applied to the teaching of mathematics. 
We may or may not agree entirely with the definition just given but 
we must agree that, right or wrong, it is definite. Where can we find 
a book on education that is equally definite in its statement of the pur- 
pose and methods of teaching mathematics? It would seem that educa- 
tional science has not yet reached that stage of development. 


At my elbow also is a copy of “Ray's Algebra, Part First on the 
analytic and inductive methods of instruction with numerous practical 
exercises, designed for common schools and academies, by Joseph 
Ray, M.D., Professor of mathematics in Woodward College, 1848.” 
If I turn to recent texts on algebra or geometry I find similar purposes 
named in the title pages or in the prefaces, but variously stated. All 
have a more or less educational outlook. But these statements are 
more or less stereotyped phrases apparently designed more to sell 
the books than to convey a burning zeal and purpose in teaching the 
contents. This may be just the spirit of the present generation. It is a 
subject for contemplation how many of those who are actually con- 
ducting classes in mathematics in our schools could definitely state 
any purposes in teaching the subject or in the methods of teaching it. 
Not only should the teaching of mathematics have a definite and a 
concrete purpose, but education in general should have a purposeful 
and driving ideal. Do our schools of today operate in a manner to 
reveal to the observer such an adequate purposeful ideal in education, 
as say, the preparing of boys and girls to become the best possible 
citizens? 
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More specifically do we always have a definite purpose in teach- 
ing a particular topic or chapter of algebra or of geometry? Is it suf- 
ficient to teach thoroughly each technique and to know the best method 
of teaching it? 

In teaching calculus to sophomores | find a sad lack, on their part, 
of the ability to read simple exact English, to reason with equations, 
to manipulate equations purposefully. Long drills on specific technique 
in isolated situations will hardly cultivate these powers. Statistical- 
izing of specific mind reactions will scarcely do it. One thing I have 
found that helps is: As far as possible put the class in the same attitude 
and conditions as those in which they are to live. Then try to train the 
pupils to figure and dig their way out of each situation or difficulty as it 
arises. | have not found any specific lesson plans that go very far 
in this kind of training. The students most often ask me to do problem 
so and so, rather than ask “Where can I find such and such a principle 
of algebra explained?” It rarely occurs to them that books are for just 
such purposes as the answering of questions about forgotten knowledge 
or to find new knowledge. In most cases, if it did occur to them, their 
elementary school books are no longer in their possession, thanks 
partly to free text books. So far, what has our statisticalizing of specific 
mind reactions contributed to actual purposeful class instruction? 
Something, no doubt, but not nearly enough. 

Thinking with equations was mentioned above as a possible objec- 
tive in teaching algebra. To illustrate what I mean by this I recall a 
class, most of whom were unable to solve a problem involving two 
unknowns. It simmered down to the two facts: The sum of two num- 
bers is a and their product is b, to find the numbers. One student, a 
foreigner, finally said “Form the quadratic equation x*—ax+b=o, and 
the roots will determine the required numbers.” This student knew 
something about quadratic equations and could think with them. He 
had discovered a purpose and a use for mathematics. Can we not do 
something along this line? 

Another topic that furnishes trouble is simultaneous equations. In 
looking over several algebras I find little encouragement. Some authors 
seem almost to reach into the sky and pull simultaneous equations down 
to torture the innocent. Most of them, after drilling on hundreds of 
technical exercises without meaning, reveal to the pupils the fact that 
there are problems in imagination, in science and in industry that involve 
two or more unknown quantities and that it is desirable to learn to solve 
such problems. Of all the texts I have examined on this point | believe 
that of Ray, mentioned above, is the best from a pedagogical standpoint. 
I take this as a safe thing to say now, for both the book and its author 
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have long since passed away. After: long ‘exercises on three different 
methods of elimination and solving simultaneous equations the author 
prefaces a long list of applied problems with: “The questions contained 
in § 156 were all capable of being solved by using one unknown quan- 
tity; although several examples contained two, afd in some cases more, 
unknown quantities. In those questions, however, there was such a 
connection existing between the several quantities that it was easy to 
express each one in terms of the other. But it frequently happens that 
in.a problem containing two unknown quantiti¢s there may be no direct 
relation existing between:them by means of which either of them can 
be found in terms of the other. -In*such a case it becomes necessary to 
use a separate symbol for each unknown quantity and then to find 
equations containing these symbols on the same’ principle as that relat- 
img to but one unknown quantity; that is, in brief, regard the symbols as 
an answer to the question, and then “proceed in the same manner as 
would be necessary in order to prove the answer. After the equations 
are obtained; the values of the unknown quantitiés may be found by 
either of the three modes of elimination.’ This’ statement does give some 
scientific information as to how to go about solving problems with more 
than one unknown quantity. But it needs elaboration by the teacher, 
and some drill in its use other than just solving a problem or two as most 
books do. An understanding of the procedure of setting up the equa- 
tions has a far-reaching value in the use of mathematics in the sciences. 
May not a little practical philosophizing be at least as valuable in teach- 
ing mathematics as more and more drill beyond a certain stage? 

To some it may be surprising when I express the belief that, in 
some cases, administrative supervision has interfered with purposeful 
teaching in mathematics. We have not learned how to supervise 
sufficiently and yet not destroy the spirit of the good teacher. It is true 
that there must be a certain degree of uniformity of content and accom- 
plishment in the schools. But when a known good teacher must “‘boot- 
leg” to clear her conscience it would seem that supervision has gone too 
far or else it is not of the right kind. 

May-not some group or organization of mathematics teachers begin 
the. formation of certain ideals in education that can support a theory 
of education that will serve its true purpose more effectively. Certainly 
society has developed some ideas and ideals that are of permanent value 
in directing human behavior. It seems that what is needed is the state- 
ment of some acceptable general principles as a basis; something analo- 
gous to the principle of Hamilton in dynamics; or of Legendre in dealing 
with problems; or the laws of Kepler in planetary theory. Psychology 
and the social sciences should have material for the formation of such a 
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set of working principles. Then the mass of statistics that have accumu- 
lated in the past twenty-five years may find their rightful, and fruitful, 
use in filling in the details of the new science. It would seem that the 
professional educationists are not at this time able to furnish such a 
statement of basic theory. Can we not help? In a very small way I 
made an effort in this direction a few years ago. This inadequate but 
possibly suggestive effort appeared in the January-February Mathe- 
matics News Letter, 1929. 
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© Notes and News 
i j Edited by 
I. MarzutsH 


Professor Thomas F. Holgate, after forty-two years of service at 
Northwestern University as professor of Mathematics, head of that 
department, dean of the College of Liberal Arts, and acting president 
of the University, has been given the status of Professor and Dean 
Emeritus. 


Dr. Waldemar Triitzinsky, formerly instructor in mathematics at 
Northwestern University has been appointed to an assistant professor- 
ship at the University of Illinois. 


Mathematics is no longer a required study for all students at 
Northwestern University. Thus probably the last of the larger insti- 
tutions west of the Alleghanies in which mathematics was a require- 
ment has changed its position. 


The mathematicians of Tennessee joined the Kentucky Branch of 
the Mathematical Association of America in a meeting held last autumn 
at Berea College, Berea, Ky. It was decided to have the meeting next 
autumn in Tennessee. The Kentucky Branch has a spring meeting 
with the Kentucky Academy of Sciences. Professor Arthur Fehn, 
Center College, Danville, Ky. is the secretary of the Kentucky Branch. 


The following is quoted from the University of lowa News Bulletin, 
of February, 1935. “Professor Edward W. Chittenden in 1935-36 
will join other outstanding mathematicians for reseach work at the 
Institute for Advanced Study, Princeton, N. J. Professor Chittenden 
will work with such men as Einstein, Veblen, Wegl, and Von New- 
man. Professor Chittenden is Professor of Mathematics at the State 
University of Iowa. 


The national council of Teachers of Mathematics held its sixteenth 
annual meeting at the Hotel Chelsea, Atlantic City, N. J., on February 
22 and 23. President J. O. Hassler informs us that ‘the National 
Council passed a resolution favoring the establishment of legal re- 
quirements for high school certificates in every state that would restrict 
the certification of teachers to subject matter. The meaning of the reso- 
lution is that a teacher would be given a certificate to teach one or more 
subjects, according to a certain amount of subject matter in his prep- 
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aration in college. He would not be allowed to teach any other subject 
in high school than the ones for which he had had the subject matter 
preparation. The National Council also authorized three meetings for 
the ensuing year. Besides the annual meeting in February in connection 
with the Department of Superintendence, we shall have a meeting in St. 
Louis the last week in December in connection with the meetings of 
the A.A.A.S. This will include a joint session with the Mathematical 
Association of America. We shall also have a one day meeting in 
Denver the first week in July in connection with the summer meeting 
of the N.E.A.”’ 
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Problem Department 


T. A. BickersTaFr 


This department aims to provide problems of varying degrees 
of difficulty which will interest anyone who is engaged in the study 
of mathematics. 


All readers, whether subscribers or not, are invited to propose 
problems and to solve problems here proposed. 


Problems and solutions will be credited to their authors. 


While it is our aim to publish problems of most interest to the 
readers, it is believed that regular text-book problems are, as a rule, 
less interesting than others. Therefore, other problems will be given 
preference when the space for problems is limited. 


Send all communications about problems to T. A. Bickerstaff, 
University, Mississippi. 


SOLUTIONS 


No. 75. Proposed by Alexander Y. Boldyreff, University of Arizona. 
Prove that: 


to 


= VPQ+(P""-Q ...t0@ 


where n, m, are positive integers < 2, and P, Q, are real numbers. 


This problem is considered especially interesting because, among 
other things, it enables one to express, by means of continued radicals, 
any integer in an infinite number of ways. For example, 


= ... too 
Solved by Dewey C. Duncan, University of California. 


208 
fc 
P 
R 
| 
al 
ti 
x 
x 


NATIONAL MATHEMATICS MAGAZINE 209 


This is established by showing that any continued radical of the 
form 


VPQ+(P—"'Q) is equal to P. 
Proof. Let 


VPQ+ ... tow =x. 


Raising both sides to the rth power and replacing the radical by x, 
one has 


PQ+(P*~'—Q)x =x’; 
i. e., +P Pax" 34+ =0. 
[Now if P and Q are to be positive the only solution is clearly x = P.] 


Accordingly each of the given radicals is equal to P, and hence 
are equal to each other.—Q. E. D. . 


{|Note—The Q’s, however, need not be the same in the two given 
radicals. Accordingly, one may also have an infinite number of con- 
tinued radicals of the same order representing a given number; e. g., 


= to 


= V9+55/8V9+55/8/9... to @;... ad libitum] 
Also solved by A. C. Briggs, Wilmington, Ohio. 
No. 78. Proposed by Vincent C. Harris, Northwestern. 
Find the value of 


V12+V48+ 768+ /1966084... 
Solved by Richard A. Miller, University of Mississippi. 
Consider the general expression, 


x= Vn(n—1)?+ Vn(n—1)#+ 


x? = (n—1)%(n+x/n—1) 
= (n—1)(n?—n+x) 
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—(1—n) + /(1 —n)?+4(n$—2n?+n) 
Whence x = 


2 
In our problem n =3 which gives x =1 * \/13 the negative radical 
of which is rejected. 


Also solved by Alexander W. Boldyreff, University of Arizona, 
and the proposer. 


No. 79. Proposed by Norman Anning, University of Michigan. 


Two patabolas are in the same plane and their axes are at right 
angles. Prove that their intersections are concyclic. 


Solved by the proposer: 


With a suitably chosen set of axes the equations of the parabolas 
can be written 


x?+ax+by+c =0, 
y?+px+qy +r=0. 


All points common to these lie on the circle 
x?+y?+(a+p)x+(b+q)y +(c+r) =0. 


Also solved by Judson W. Foust, Central State Teachers College 
Mount Pleasant, Michigan. 


LATE SOLUTIONS 


No. 72. J. Rosenbaum, Hartford Federal College; J. H. Neelley, 
Carnegie Institute of Technology, and Alexander W. Boldyreff. 


No. 73. Julius Freilich, Brooklyn, N. Y.; J. Rosenbaum, Hart- 
ford, Federal College; A. C. Briggs, Wilmington, Ohio; E. E. Whitford 
Brooklyn, N. Y.; and George A. Baker, Mississippi Womans College, 


No. 74. J. Rosenbaum, Federal College; James A. Ward, L.S. U.; 
and A. W. Boldyreff, University of Aizona. 


No. 76. A. C. Briggs, Wilmington, Ohio; and Norman Anning, 
University of Michigan. 
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PROBLEMS FOR SOLUTION 


No. 88. Proposed by Henry Schroeder, Louisiana Polytechnic In- 
stitute. 


Is it possible with ruler and compasses to divide a triangle by a 
line from a vertex to the opposite side into two triangles whose incir- 
cles will be equal? 


No. 89. Proposed by W. V. Parker, Georgia School of Technology. 
x2 y? 
P is a fixed point of the ellipse — —=1 
a2 b2 
and X and Y are two other points of the ellipse. Prove that the area 
of the triangle P X Y is greatest when its centroid is at the center of the 
ellipse and that its greatest area is 3./3 ab/4. 


No. 90. Proposed by Walter B. Clarke, San Jose, Cal. 


Show that if the sides of a triangle are equivalent to consecutive 
integers, the line joining the incenter and the verbicenter is parallel 
to one of the sides. (Verbicenter is the concurrent point of lines join- 


ing each vertex to the point half way around the perimeter from the 
vertex.) 


No. 91. Proposed by W. V. Parker. 
x2 y? 

P is a fixed point of the ellipse — + — =1 
a? 


and X and Y are two other points of the ellipse. Prove that the area 
of the triangle P X Y is greatest when X and Y are also on the ellipse 


(x+h)? (y+k)? 
+ = 1] 
aa b2 


where (h, k) are the coordinates of P. 
No. 92. Proposed by W. V. Parker. 


Prove that all triangles of maximum area inscribed in the ellipse 
x?/a?-+ y2/b? = 1 envelope the ellipse x?/a? +y?/b? =}. 
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Book Reviews 


Edited by 
P. K. 


College Algebra. By Walter B. Ford. The MacMillan Company, 
New York. 1935—VII+303 pages. 


Its numerous reprintings are evidence of the wide acceptance given 
this text. Professor Ford first published his algebra in 1922. In addition 
to the current revision there was a revision published in 1926. 

The exercises are arranged so as to allow for a short course, if 
desired. A desirable feature of the text is that answers to both even 
and odd exercises are furnished. 

The first chapter, thirty-six pages, is devoted to review topics. 
In his review work the author does not attempt to give a high school 
course in algebra, but gives concisely, yet with sufficient completeness, 
those essential topics leading up to quadratics. The writer is of the 
opinion that the review should be both concise and effective. The 
author executes these ideas well indeed. 

Chapters two and three, thirty-one pages, are devoted to quadratic 
equations, the second to theory. The next six chapters cover respec- 
tively the topics: simultaneous equations involving quadratics, pro- 
gressions, variations, logarithms, compound interest and annuities, 
and the Binomial Theorem. 

Chapter ten is on “functions,” an interesting feature of the text. 
Linear and quadratic functions are first discussed. The derivative of 
a polynomial is taken up and simple problems in maxima and minima 
involving polynomials. The function concept approach to algebra is 
good and in case the time can be found, this is surely a worthwhile 
chapter. 

The last five chapters are on the theory of equations, permutations 
and combinations, probability, determinants, and complex numbers. 
Partial fractions, the theory of limits, and infinite series are not 
taken up. 

As mentioned by the author the chief difference between the 
current edition and the 1926 edition is the revision and extension of 
the exercises. Many of the illustrations from geometry and physics are 
splendid. This is a text worthy of consideration for adoption. 


P. K. 
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Caliban’s Problem Book. By Hubert Phillips, S. T. Shovelton and 
G. Struan Marshall. Published by T. de la Rue and Co., Ltd., London, 
1933. 330 pages. 

A worthy companion to Bachet, Lucas, Ball, Dudney, Lietzmann, 
and all the other books on mathematical recreations has appeared, 
especially worthy since it is not satisfied to follow in the footsteps of 
its predecessors but actually creates new types of problems. The volume 
under consideration is known as Caliban’s Problem Book, and the 
problems themselves, at least most of them, first appeared in the 
English journal, the “New Statesman and Nation.” In the Fore- 
word, Mr. Phillips says that “‘some five or six hundred readers of the 
“New Statesman” have actually participated in the Caliban com- 
petitions during the past two years;"’ thousands of others undoubtedly 
worked on problems without submitting their results. 

The majority of the problems come under one of three heads; first, 
what may be called problems of inference, second, problems in prob- 
ability, and, third, ciphers or cryptograms. It is in the development of 
the first of these types that the real contribution of the book seems to 
lie. I should say that the name “problems of inference” is perhaps 
too broad a description; any mathematical theorem and almost any 
problem, mathematical or not, might be called a problem of inference. 
Two examples which are given below will show about what is meant; 
the fireman-engineer-brakeman problem, popular a year or two ago, 
is an excellent example.' To be sure, this problem was not mathe- 
matical, except at one simple and yet important point, and many of 
the problems in Caliban’s Problem Book are not; it is a book of 
recreational problems, rather than of strictly mathematical recreations. 

Among the problems of inference, a good many involve a little 
elementary mathematics, and as illustrations I have taken two of these. 
First, Problem 8— 

Each of the five daughters of a neighbor of mine wears day by day 
in rotation such dresses as she possesses. No two of them include, 
in their wardrobes, the same number of different colours, and none 
of them possesses as many as a dozen dresses. (To arrive at the 
author's results, it also seems necessary to assume that no girl pos- 
sesses two dresses of the same color.) 

Miss Rosie Parker, who has been staying with me, collected the 
following data: 


(1) On June 1, Betty wore blue, Barbara and Billie red, Babs 
green, and Bella yellow. 


*The statement of this problem will be found in School Science and Math- 
ematics for 1932, page 560. 
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(2) On June 11, two girls wore red, one green, one blue, and one 
white. 

(3) On June 19, Babs wore green and Bella yellow; the other three 
girls wore red. 

(4) Babs wore yellow on June 22 and white on June 23. 

(5) On July 1 all five girls were dressed exactly as on June 1, 
Who wore green on June 11? 

A little farther along is Problem 25, known as Testing Time— 

Ainsworth, Barrow, Coleridge, Dickens, and Emerson sit for an 
examination. They are placed by the examiners in the above order. 

Marks are awarded as follows: The candidates each take five 
subjects: English, History, Latin, French and Philosophy. The can- 
didate placed first in a subject scores five marks; the candidate who 
is second, four marks; the third candidate, three marks; and so on. 
Final placings depend on the aggregate marks scored. 

Ainsworth—a good examinee—scores 24 marks in all. Coleridge 
scores the same mark in each of four subjects. Emerson is top in French 
and third in Philosophy. 

What mark does Barrow score in French? 

Of the probability problems, a number can be stated briefly by 
omitting the descriptive setting. In one, a person throws five dice. He 
picks up as many as he chooses and throws a second time; he again 
picks up as many as he chooses and throws a third time. What is the 
probability that he will have at least three alike by the time the third 
throw is completed? While not particularly complicated, the problem 
requires considerable care; the answer is given as .743. 

Somewhat more difficult is a problem concerned with cards. The 
first twelve cards of a shuffled deck of fifty two are turned over, and 
called “one,” “‘two,” and so on, up to “twelve.” What is the prob- 
ability that the called number of at least one card of the twelve will 
give its face value, if we consider a Jack as eleven, and a Queen as 
twelve? The probability here works out to be .614, but a rather care- 
ful analysis is required. 

Nineteen of the one hundred and five problems in the book are 
concerned with the deciphering of code messages. I suppose a good 
many of them can be solved easily by cipher experts, but I must admit 
that I was unable to do most of them without aid. Strangely enough, 
the one I found easiest was Problem 101; the more difficult problems 
are supposed to be near the end. A mathematician, however, will get 
it readily. 

At one period in the life of Judas Splitzki, the notorious mercenary 
spy, he was living in London under police surveillance. His correspon- 
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dence was systematically examined over a period of weeks, but the only 
suspicious matter found in it was a copy of the Southern Mail con- 
taining a marked photograph of a haggard cyclist, clad in zephyr and 
shorts and wearing on his breast a large placard bearing the number 
14. The legend under the photograph was ‘A competitor in yester- 
day's Cycle Championship Eliminating Trials,” but there was no 
further reference to it in the text. The only other odd feature of the 
paper was what appeared to be some sort of cipher message written 
in ink in the stop-press space, as follows: 


RHTFS IERGL TEYRT IATEN 
ERTFB EOWED WAHDH MTMEE 
NIILE RSMNA DFUSA LTTOD 


What was the message? 


The problems quoted here will perhaps give a fair idea of the 
contents of the book. A review has already appeared in the Mathe- 
matical Gazette for July, 1934, page 210, and here the reader may 
find the statement of the problem of Caliban’s Will, the most difficult 
of the whole collection. It is well worth examining, but don't worry 
about trying to solve it unless you have a number of evenings to 


spare.— RAYMOND GARVER. 
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along without printing-- 


and remember, printing does 
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those finer qualities that only 
a progressive and painstaking 
printer can impress. 

Our up-to-date shop, our gifted 
craftsmen—real artists at their 
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ing you'll thoroughly appreciate, 
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A NEW TEXTBOOK TO BE PUBLISHED IN APRIL 


ELEMENTARY 
COLLEGE ALGEBRA 


By Harry W. Kuhn and James H. Weaver 
Ohio State University 


Particular attention is paid in this new college algebra to 
simplicity and logical consecutiveness in the presentation 
of material, to accuracy of statement, and to completeness. 
There are more than usually full treatments of such subjects 
as functions and graphs, and compound interest and annuities. 
Methods for finding approximate values of the irrational roots 
of an equation, proofs of the properties of determinants, 
and other topics which present difficulties to the average 
student are made simpler and more clear than in most texts. 
A brief review of high school algebra is given in the introduc- 
tory chapters. Probable price $2.00 


To be published in April 


FUNDAMENTALS OF 
COLLEGE MATHEMATICS 


By Arthur Tilley, Howard E. Wahlert, 
and Charles H. Helliwell 
New York University 


Covers college algebra, trigonometry, analytic geometry, 
differential calculus and integral calculus. The transition 
from secondary mathematics into the calculus is made par- 
ticularly clear and easy for the student. There is sufficient 
material for a full year and a half. However, the book is so 
arranged that sections may be omitted, without disturbing 
the continuity, to keep the material within the limits of a 
year’s course. The first part of the book may be used alone 
as a one-term course in college algebra and trigonometry. 


“ Probable price, $3.50 
4 PUBLISHERS 
60 Fifth Avenue . New York, N. Y. 
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